The purpose of this paper is to study several classes of semi-Kaehlerian submanifolds of an indefinite complex space form.
Introduction.
An indefinite Kaehlerian manifold of constant holomorphic sectional curvature is called an indefinite complex space form. Montiel and Romero [9] investigated indefinite complex Einstein hypersurfaces of an indefinite complex space forms and showed that totally geodesic indefinite complex hypersurfaces Pί(c'), C?, H" (-c f ) and an indefinite complex quadric Qf are those examples. Ikawa, Romero and one of present authors [6] have also shown that by using an indefinite Segre imbedding there exists a product of complex hyperbolic spaces which becomes an example of space-like Einstein-Kaehlerian submanifolds of an indefinite complex hyperbolic space.
Recently, concerning with the study of Calabi's classification [5] for Kaehlerian imbeddings of complex space forms into complex space forms, Romero [18] and Umehara [21] have independently found that there exists a strongly full holomorphic isometric immersion of indefinite complex space forms into indefinite complex space forms.
From this point of view the purpose of this paper is to study several classes of complete semi-Kaehlerian submanifolds of an indefinite complex space form M#nc'\ In the first section, the brief summary of indefinite complex submanifolds of an indefinite Kaehlerian manifold are recalled.
The examples of space-like complex Einstein submanifolds of indefinite complex space forms are given in § 2. § 3 is devoted to the study of the spacelike complex submanifolds with constant scalar curvature of M% +P (c'). In particular, by estimating the scalar curvature and by using Nishikawa's theorem [12] , we shall characterize space-like Einstein submanifolds in the case of c'<0.
In § 4, by developing of Omori's theorem [13] one shows that complete complex submanifolds with constant scalar curvature of M n+P (c'), c'>0, are Einstein if the Ricci tensor and any shape operator is commutative. In § 5 we confine our attention to the indefinite complex space forms Mfflic'), c'φO. By virtue of an example in § 2 the local version of Romero's [18] and Umehara's [21] results can be treated. In general, the shape operator of indefinite complex hypersurfaces of M"ί+t(c') is not necessarily diagonalizable. Thus § 6 is devoted to the investigation of proper indefinite complex Einstein hypersurfaces of Mf+t(c'), which is the local version of Montiel and Romero [9] .
It has been proved by Ryan [19] that the complex hypersurface of complex space forms M n+1 (c'), c'φQ, which satisfies RS=0 is Einstein. On the other hand, Takahashi [20] has shown that it is cylindrical in the case of complex Eucidean space C n+1 . In §7 we shall show that there exist many indefinite complex hypersurfaces of an indefinite complex Euclidean space CfiV satisfying RS=0 which are not Einstein and not cylindrical.
Indefinite complex submanifolds.
This section is concerned with indefinite complex submanifolds of an indefinite Kaehlerian manifold. Let Now, the components &%* and /if,* of the covariant derivative of the second fundamental form of M are given by
Then, substituting dhfj in this definition into the exterior derivative of (1.4), we have
Similarly the components hϊ jk ι and h{ jk ι of the covariant derivative of h{ jk can be defined by A plane section P of the tangent space T X M of M at any point x is said to be non-degenerate, provided that g x \T x M is non-degenerate. It is easily seen that P is non-degenerate if and only if it has a basis {u, v) such that
2 φ0, and a holomorphic plane spanned by u and Ju is non-degenerate if and only if it contains some v with g(v, v)φθ. The sectional curvature of the non-degenerate holomorphic plane P spanned by u and Ju is called the holomorphic sectional curvature, which is denoted by H{P)-H{u). The indefinite Kaehlerian manifold M is said to be of constant holomorphic sectional curvature if its holomorphic sectional curvature H(P) is constant for all P and for all points of M. Then M is called an indefinite complex space form, which is denoted by M?(c), provided that it is of constant holomorphic sectional curvature c, of complex dimension n and of index 2s. The standard models of indefinite complex space forms are the following three kinds which are given by Barros and Romero [3] and Wolf [22] : the indefinite complex Euclidean space C?, the indefinite complex projective space PfC or the indefinite complex hyperbolic space HfC, according as c=0, c>0 or <:<0. For an integer s (0<s<n) it is seen by [3] and [22] that they are only complete, simply connected and connected indefinite complex space forms of dimension n and of index 2s. 
Examples of space-like complex Einstein hypersurfaces.
We give here some examples of space-like complex Einstein submanifolds of an indefinite complex space form. [9] . Let Qf be an indefinite complex hypersurface of P? +1 (c') defined by the equation in the homogeneous coordinate system of P? +1 (c'). Then Qf is a complete complex hypersurface of index 2s, and moreover, in the similar way to Kobayashi and Nomizu [7] , Chapter 11, Example 10.6 it is Einstein and then the Ricci tensor S satisfies S=nc'g/2.
Then Qf can be also considered as an indefinite complex Einstein hypersurface of Hί+K-c') Namely, the complex quadric Q n is a space-like hypersurface of H? + \-c') and the scalar curvature r is given by r= -n 2 c / .
Example 2.4 [6] . Then / is a well defined holomorphic mapping and it is seen by Barros and Romero [3] that / is also an isometric imbedding, which is called an indefinite Segre imbedding. In particular, if s=f=O, then / is a classical Segre imbedding (the second author and Takagi [11] 
(-c) into Hg,ψri,%(-kc), where S'(n, k)=N(n, k)-S(n, n, k) and S(n, n, k)
lt i s seen that N(w, 2)-n = S'(n, 2) = n(n + l)/2 and
Space-like submanifolds.
This section is concerned with space-like submanifolds with constant scalar curvature of an indefinite complex space form. Let M be a space-like submanifold of an indefinite complex space form M'=M% +P (c'). First of all, the Laplacian of the square length h 2 of the second fundamental form is estimated. Since M is space-like, the matrix {(hjk) 2 ) is a negative semi-definite Hermitian one, whose eigenvalues λ/ are non-positive real valued functions on M. 
) // r^n\n + p+l)c'/(n+2p), then M is Einstein, r=n\n + p + l)c'/{n+2p) and the second fundamental form is parallel. (2) // r^n(n + ϊ)c'/2, then M is an indefinite complex space form M n (c'/2) and
In order to Theorem 3.2, the following theorem due to Nishikawa [12] is needed.
THEOREM (Nishikawa) . Let N be a complete Riemanman manifold whose Ricci curvature is bounded from below and let f be a non-negative function. If it satisfies where k is a positive constant, then f vanishes identically on N.
Proof of Theorem 3.2. The first assertion is only proved. The other is verified by the same method. Since the right hand side of (3.2) is non-negative, the conclusion is trivial by the maximal principle if M is compact. Now, M is assumed to be non-compact and complete. For the function / defined by -h 2 and the negative number b defined by np(n+2)c'/2(n-\-2p) the assumption of the scalar curvature implies that f^-b>0.
Hence a function F on M defined by f+b satisfies where k=(n+2p)/np. Accordingly, the theorem due to Nishikawa yields that F vanishes identically on M.
This completes the proof. 
Complex submanifolds.
This section is devoted to the investigation of complete complex submanifolds with constant scalar curvature of M'=M n+p (c'). Let M be an n-dimensional complex submanifold of M f . The components S t j k ι and S t j k i of the covariant derivative of S t j k are expressed by
By the exterior differentiation of the definition of S t j k and by taking account of (4.1) the Ricci formula for the Ricci tensor S is given as follows:
Assume that the scalar curvature r of M is constant. Remark. In the case where M is compact, Theorem 4.1 is proved by Kon [8] .
In order to Theorem 4.1, the following theorem due to Omori [13] for the estimate of the Laplacian of the function of class C 2 is needed. This is slightly different from the original one.
THEOREM (Omori) and hence h A is bounded from above. Hence all eigenvalues λ 3 are bounded from above by a positive number R, which implies that the Ricci curvature is greater than or equal to This means that the theorem due to Omori can be applied to the function F.
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For any point p and for any ε>0 there exists a point q at which F satisfies (4.4). It follows from these properties that we have
ε{3ε+2F(q)}>F(qyAf(q)^0
by the direct calculation. When ε tends to 0, the left hand side converges to 0, because the function F is bounded. This completes the proof.
Remark. The theorem due to Nishikawa stated in § 3 can be verified using the estimate of the Laplacian of the distance function from a point by Yau [23] . However the above proof suggests another one of Nishikawa's theorem. Namely, it is sufficient if the property (4.7) is derived under the assumption .(4.6). For any positive number ε there is an integer N Q such that for any m>N o we have which implies that the sequence {f(q m )\ is bounded and hence F is bounded from below by a positive constant. It turns out that (4.7) holds true. 2 , the function Λ 6 is given by ΣU/ and hence we have h^h 2 hjn.
Thus we have 
Indefinite complex space forms.
Extending Calabi's classification [5] for Kaehlerian imbeddings of complete simply connected complex space forms into complete and simply connected complex space forms, Romero [18] and Umehara [21] proved recently the indefinite version independently. In this section the local version of Romero and Umehara's result is treated. The following two results are proved. 
